Abstract: This paper deals with the study of transverse vibrations in piezothermoelastic beam resonators with fractional order derivative. The fractional order theory of thermoelasticity developed by Sherief et al. [1] has been used to study the problem. The expressions for frequency shift and damping factor are derived for a thermo micro-electromechanical (MEM) and thermo nano-electromechanical (NEM) beam resonators clamped on one side and free on another. The effect of fractional order derivative on the derived expressions is observed analytically and shown graphically in the case of Lead Zirconate Titanate (PZT)-5A material. For α = 1, our results agree with those that are obtained by Grover and Sharma [20] and other particular cases of interest are also discussed.
Introduction
With the development of active material systems, there is significant interest in coupling effects between elastic, electric, magnetic and thermal fields, for their applications in sensing and actuation. An impetus for such studies was the creation of many new materials possessing properties that are not characteristic of usual elastic bodies. Among these materials are piezoelectric bodies that form the core of modern structures and instruments. A stressed state of a piezoelectric body is produced mainly by its deformation, as well as by thermal and electric fields present in the body. Therefore, a mathematical piezother-moelastic model quite adequately reflects the properties of such bodies.
The theory of thermopiezoelectric material was first proposed by Mindlin [2] and derived governing equations of a thermopiezoelectric plate. The physical laws for the thermopiezoelectric material have been explored by Nowacki [3, 4] . Chandrasekharaiah [5] used generalised Mindlin's theory of thermopiezoelectricity to account for the finite speed of propagation of thermal disturbances.
Marin [6] studied of the initial boundary value problem of thermoelasticity of bodies with microstructure using Lagrange identity method. Marin [7] discussed the existence and uniqueness of solutions for the mixed initialboundary value problems in thermoelasticity of dipolar bodies using the theory of semigroups of operators. Marin [8] discussed the minimum principle on the dipolar materials with stretch. Buchukuri and Chkadua [9] studied the Dirichlet and Nuemann boundary value problems in three dimensional thermopiezoelectric domains with cuspidal edges.
Fractional Calculus is a field of mathematic study that grows out of the traditional definitions of the calculus integral and derivative operators in much the same way fractional exponents is an outgrowth of exponents with integer value. Studied over the intervening three hundred years have proven at least half right. It is clear, that within the 20 th century, especially numerous applications have been found. However these applications and mathematical background surrounding fractional calculus are far from paradoxical. While the physical meaning is difficult to grasp, the definitions are no more rigorous than integer order counterpart. Kumar and Gupta [10] studied the plane wave propagation in an anisotropic thermoelastic body with fractional order derivative and void. Bassiory and Sabry [11] discussed about fractional order two temperature thermo-elastic behaviour of piezoelectric material. Attenuated fractional wave equations in anisotropic media are studied by Meerschaert and McGough [12] . Kumar and Gupta [13] analysed the plane wave propagation and domain of influence in fractional order thermoelastic materials with three phase lag heat transfer. Meral and Royston [14] investigated the response of the fractional order on viscoelastic half space to surface and subsurface sources.
Meral et al. [15] discussed the Rayleigh-Lamb wave propagation on a fractional order viscoelastic plate. Zener [16, 17] developed the thermoelastic damping theory by studying the transverse vibrations of homogeneous isotropic thin elastic beam. Prabhakar et al. [18] investigated the frequency shifts due to thermoelastic coupling in micromechanical and nanomechanical resonators by considering two-dimensional heat conduction. Sharma and Grover [19] studied the thermoelastic vibrations in micro-/nano-beam resonators with voids. Grover and Sharma [20] also studied the transverse vibrations in piezothermoelastic beam resonators. Youssef et al. [21] studied the vibration of gold nano-beam in context of two temperature generalized thermoelasticity subjected to laser pulse. Abouelregal and Zenkour [22] investigated the thermoelastic problem of an axially moving microbeam subjected to an external transverse excitation.
Li [23] established the uniqueness and reciprocity theorems for thermo-electro-magneto-elasticity. Hadjiloizi et al. [24, 25] analysed the behaviour of macroscopic smart piezo-magneto-thermo-elastic composites and reinforced plates. In the part I, a thin plate is considered with varying thickness and part II is the refinement of the work done in part I so that the derived model converges to the familiar classical plate model. Hariri et al. [26] developed a two dimensional model consists of several noncollocated piezoelectric patches bonded on the surface of the thin structure and studied the damping behaviour of this system. Mareishi et al. [27] presented an analytical solution for nonlinear free and forced vibration response of smart laminated nano-composite beams to the external harmonic excitation.
The oscillating behaviour of the beam resonators under the influence of electric, mechanical and thermal effects generates vibrations or waves that lead to the inculcation of the study of the damping factor and frequency shift of the obtained waves. Vibration control has been a fascinating subject for researchers. Piezothermoelastic model has been used as actuators or sensors. Moreover, the coherent radiations generated by lasers or masers in the optical or infrared wave length regions usually appear as a beam whose transverse extent is large compared to the wavelength.
Keeping in view such a wide use of materials, the study of transverse vibrations in piezothermoelastic beam resonators with fractional order derivative has been taken in consideration. The present article is devoted to the study of frequency shifts and damping due to thermal and electric variations in the considered medium under the effect of fractional order derivative. The present problem has various applications such as in musical instruments, space crafts, automobiles as well as in the form of oscillators.
Basic equations
Following Grover and Sharma [20] , Sherief et al. [1] the basic equations for a homogeneous transversely isotropic piezothermelastic (PTE) beam with fractional order derivative in the absence of body forces and heat sources, are given by Constitutive equations:
3)
4)
Equations of motion:
Equation of heat conduction:
Gauss equations:
where c ijkl are elastic parameters, b ij , ζ ij , τ i , e ijk are the tensors of piezothermal moduli respectively. ρ, Ce are, respectively, the density and specific heat at constant strain. r is the coefficient describing the measure of thermal effect, q i are the components of heat flux vector q, S is the entropy per unit mass respectively, θ is the absolute temperature of the body, T 0 is the reference temperature, τ 0 is the thermal relaxation time, which will ensure that the heat conduction equation will predict finite speeds of heat propagation of matter from one body to other. u is the displacement vector, σ ij (︀ = σ ji )︀ are the components of the stress tensor,
)︀ are the components of the strain tensor where u i denotes the components of displacement vector, K ij (︀ = K ji )︀ are the components of thermal conductivity, E i is the electric field intensity, D i is the electric displacement, α is the fractional order parameter such that 0 < α ≤ 1, ϕ is the electric potential. The symbols "," and "." corresponds to partial and time derivatives, respectively.
Structure of beam
We consider small flexural deflection of a homogeneous, thermally conducting, piezothermoelastic beam, having dimensions of length L (0 ≤ x ≤ L), width a (0 ≤ y ≤ a) and thickness −h/2 ≤ z ≤ h/2. We take x-axis along the axis of beam, y-axis along width and z-axis along the thickness as shown in Fig. 1 . In equilibrium, the beam is unstrained, unstressed and also kept at uniform temperature T 0 . The beam undergoes bending vibrations of small amplitude about the x-axis such that the deflection is consistent with the linear Euler-Bernoulli theory. That is, any plane cross-section initially perpendicular to axis of beam remains, plane and perpendicular to the neutral surface during bending. The beam under such a small deflection is represented by Fig. 1 . Since the deflection is taken about x-axis therefore, ∂w ∂z = 0 and thus, the displacements are given by
According to Tzou [28] and Ugural [29] , the PTE beam is thin, the transverse shear deformations and rotatory inertias can be neglected, and the transverse shear strains are also negligible. In addition in-plane electric fields can be ignored, that is (Ex = 0 = Ey), and hence, only the electric field (Ez) is considered in the present study. Thus, the substitutions of equation (3.1) in the equations (2.1) and (2.4) lead to Now integrating equation (3.7) with respect to z and utilizing the conditions that the surfaces of the beam are electrically shorted (electrode surfaces) namely, ϕ = 0 at z = ±h/2, we obtain
Then, the flexural moment of cross-section is given as follows: 
where ρ is the density; A = ah is the area of cross-section and ∆p is the pressure difference between the pressures on the upper (p1) and lower (p2) surfaces of the beam. Using equation (3.10) in equations (3.11), we obtain 1) and (3.9) can be written as
)︂ θ (3.14)
where
Thus, the governing field equations for a thin PTE beam are given by equations (3.9), (3.13) and (3.14).
Solution of the problem
Assuming the time harmonic solution of equations (3.9), (3.13) and (3.14) as We assume that the temperature field is steady in the plane perpendicular to the thickness direction, then the trial solution of resulting equation (4.3) satisfying these boundary conditions can be written as Now,
{︀ w(x, t), ϕ(x, z, t), θ(x, z, t)
This implies that
Also using equation (4.6), we have
The comparison of equations (4.10) and (4.11) provides us
Using equation (4.11) in equation (4.2), we get
Utilizing relation (4.12), the equation (4.13) further simplifies to
where 11 , εep = e 31 C 13 c 11 .
Thus, the equations (4.4), (4.5) and (4.14) govern the motion of the PTE beam.
Application
We consider the case of the thermo microelectromechanical and thermo nano-electromechanical beam, clamped on one side and free on another. Then, we have the following set of boundary conditions, namely
As, W = W(x), so equation (4.14) provide us
2)
The solution of the equation (5.2) can be written as
Employing boundary conditions (5.1), we obtain the following characteristic equations:
The solutions of the equations (5.4) are obtained as
Corresponding to these eigenvalues, we get
Using equation (5.6) in equation (4.2), we get deflection of the beam can be written as
The temperature distributions and electric potential in the beam are given by
{︂ sin
Clearly, the solutions provided by the equations (5.7)-(5.9) are consistent with the physical situation of the problem including the boundary conditions.
Frequency shift and Damping
Now the vibration frequency of the piezoelectric beam in the presence of the thermoelastic coupling and thermal relaxation time is given by
For most of the materialsε << 1, (ε = 0.000117 at T 0 = 298K) for Lead Zirconate Titanate (PZT-5A) hence, we can replace f (ω) with f (ω0) and expand equation (6.1) upto first order to get
such that
Usually, the thermal gradients in the plane of cross section along the thickness direction of the beam is significantly large when compared with those along the planes perpendicular to it, and hence, we have ∂ 2 θ/∂x 2 ≡ 0, so that harmonic vibration p * = 0. Hence, we obtain
Following Sharma and Grover [19] , the thermoelastic damping in the considered beam is given by
and frequency shift is given by
Numerical results and Discussion
For the purpose of numerical calculation, we consider the case of transversely isotropic media. Using the formulae given by equations (6.6) and (6.7) and with the help of the software Matlab 7. From Fig. 2 , it is clear that the higher value of fractional order derivative causes high damping for the initial values of angular frequency. In addition to it, the curves are ultimately showing a decreasing trend and converge to minima. For ω 0 ≥ 0.5, the Q −1 is varying continuously in a 
Particular cases
1. For α = 1, our results are similar to those that are obtained by Grover and Sharma [20] . 2. In the absence of thermal relaxation time τ 0 our problem reduces to the piezothermoelastic beam in the context of coupled thermoelasticity (CT) theory and these results are in agreement if we solve the problem directly. In this case, the value of p 0 reduces to √︁ ω0 ρCe K3 . 3. In case of damping if we neglect the piezoelectric effect, then our results are comparable with those are obtained by Sun et al. [30] .
Conclusion
Analysis of frequency shift and damping factor due to transverse vibrations in piezothermoelastic beam is a significant problem of continuum mechanics. The resulting quantities are very sensitive towards the fractional order derivative and thermal coefficient. The results obtained in the study are beneficial for the people working in space crafts, in making musical instruments, automobiles as well as in the form of oscillators. By introducing fractional order parameter the assumed model presents a more realistic model for future study.
1. Frequency shift shows the same behaviour (decreasing) for the different values of fractional order derivative. 2. For α = 1, damping factor shows high magnitude values for the least value of thermal parameter (b3).
